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Reconstruction of interaction rate in Holographic dark energy model with Hubble
horizon as the infrared cut-off
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This work is the reconstruction of the interaction rate of holographic dark energy whose infrared
cut-off scale is set by the Hubble length. We have reconstructed the interaction rate between dark
matter and the holographic dark energy for a specific parameterization of the effective equation
of state parameter. We have obtained observational constraints on the model parameters using
the latest Type Ia Supernova (SNIa), Baryon Acoustic Oscillations (BAO) and Cosmic Microwave
Background (CMB) radiation datasets. We have found that for the present model, the interaction
rate increases with expansion and remains positive throughout the evolution. For a comprehensive
analysis, we have also compared the reconstructed results of the interaction rate with other well-
known holographic dark energy models. The nature of the deceleration parameter, the statefinder
parameters and the dark energy equation of state parameter have also been studied for the present
model. It has been found that the deceleration parameter favors the past decelerated and recent
accelerated expansion phase of the universe. It has also been found that the dark energy equation
of state parameter shows a phantom nature at the present epoch.
PACS numbers: 98.80.Hw
Keywords: Holographic dark energy, Reconstruction,
Interaction
I. INTRODUCTION
Many cosmological observations such as Type Ia Su-
pernova (SNIa) [1, 2], large scale structure (LSS) [3, 4],
cosmic microwave background (CMB) radiation [5–
11] and baryon acoustic oscillations (BAO) [12] have
strongly confirmed that we live in an accelerating
universe. All of these observations also strongly indicate
that the universe was decelerating in the past and
the observed cosmic acceleration is rather a recent
phenomenon. In the literature, the most accepted idea
is that an exotic component of the matter sector with
large negative pressure (i.e., long range anti-gravity
properties), dubbed as dark energy, is responsible for
this acceleration mechanism. Almost 68.3% of the total
energy budget of the universe at the present epoch is
filled with dark energy (DE) while 26.8% with dark mat-
ter (DM) and remaining 4.9% being the usual baryonic
matter and radiation [13–15]. However, understanding
the origin and nature of the dark sectors (DE and DM)
is still a challenging problem in modern cosmology.
For an excellent review on DE models, one can look
into Refs. [16–20]. In the context of DE, the simplest
and consistent with most of the observations is the
cosmological constant model where the constant vacuum
energy density serves as the DE candidate. However,
the models based upon cosmological constant suffer
from various inconsistencies, mainly the fine tuning
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and the cosmological coincidence problems [21, 22].
Thus, most of the recent research is aimed towards find-
ing a suitable cosmologically viable model of dark energy.
Most investigations in this direction are phenomeno-
logical and based on the assumption that the DE and
DM evolve independently. However, one should realize
that any interaction between the dark sectors will
modify the evolution history of the universe. Presently,
we neither know what the DM is made of nor do we
understand the exact nature of DE. So, the possibility
of DE to be in interaction with DM must be taken
seriously. Recently, interacting DE models have gained
immense interest and there are many works in which
investigations are carried out considering an interaction
between the different components of the universe (for
review, see Refs. [23–33]).
This work mainly deals with the reconstruction of the
interaction rate of holographic dark energy (HDE). In the
context of DE, some earlier works on reconstruction can
be found in [34–37], where various datasets have been
used. The HDE model is based on the holographic prin-
ciple, was proposed in Refs. [38–41] by introducing the
following energy density
ρ = 3C2M2PL
−2 (1)
where C is a constant to be determined by observational
data. MP = (8piG)
−
1
2 and L are the reduced Planck
mass and the infrared cut-off scale, respectively. Re-
cently, Campo et al. [42] have been studied holographic
dark energy with different length scale cut-off such as
the Hubble scale, the future event horizon and a scale
proportional to the Ricci length. However, some previ-
ous works on HDE models have been comprehensively
discussed in Refs. [43–47]. In this paper, the Hubble
horizon has been adopted as the infrared cut-off for the
2HDE meaning the cut-off length scale L = H−1 , where
H is the Hubble parameter. Now it is important to note
that the HDE models with Hubble horizon cut-off can
generate late time cosmic acceleration along with the
matter dominated decelerated expansion phase in the
past only if there is some interaction between DM and
DE [48, 49]. Reconstruction of interaction rate in HDE
have earlier been discussed by several authors [50, 51],
where the interaction rate has been reconstructed
assuming a particular form of the DE equation of state
(EoS) parameter [50] or the deceleration parameter [51].
It is important to mention here that the interacting
dark energy models with different forms of interaction
term have been recently proposed by several authors in
Refs. [52, 53]. In the current work, the interaction rate
of HDE has been reconstructed from one specific pa-
rameterization of the total or effective equation of state
parameter ωeff (z). The basic properties of this chosen
ωeff (z) has been discussed in the next section. The
main goal of the present work is to investigate the nature
of interaction and the evolution of the interaction rate
for this model assuming the HDE with Hubble horizon
as the infrared cut-off. The observational constraints on
the model parameters are obtained by using the latest
SNIa, BAO and CMB datasets. Using the estimated
values of model parameters, we have then reconstructed
the interaction rate, the deceleration parameter and the
dark energy equation of state parameter at the 1σ and
2σ confidence levels.
The outline of this paper is given as follows. In the
next section, the reconstruction of the interaction rate
for the present model has been discussed. In Section
III, we have described the latest observational datasets
for our analysis, while in section IV we have used them
to obtain the constraints on the various quantities. The
results of this analysis are also discussed in this section.
Section V presents a brief summary of the work.
II. RECONSTRUCTION OF THE
INTERACTION RATE
We have considered the spatially flat FRW space-time
ds2 = dt2 − a2(t)[dr2 + r2(dθ2 + sin2θdφ2)] (2)
where, a(t) is the scale factor of the universe (which is
considered to be a = 1 at the present epoch) and t is the
cosmic time. In a flat FRW background, the correspond-
ing Einstein field equations can be obtained as,
H2 =
8piG
3
(ρm + ρDE) (3)
2H˙ + 3H2 = −8piGpDE (4)
where H = a˙a is the Hubble parameter and an overhead
dot implies differentiation with respect to time t. Here,
ρm represents the energy density of the dust (pressure-
less) matter while ρDE and pDE represent the energy
density and pressure of the dark energy.
As mentioned earlier, in the present work, our main
aim is to study the interaction assuming a holographic
dark energy with Hubble horizon (H−1) as the infrared
(IR) cut-off. Holographic dark energy models with the
Hubble horizon as the IR cut-off require the interaction
between the dark matter and dark energy to generate
the late time acceleration. The dark energy density for
a holographic model with the Hubble horizon as the IR
cut-off is given as [49]
ρDE = 3C
2M2PH
2 (Model 1) (5)
Here C is a coupling parameter which is assumed to be
a constant in the present work. Accordingly, the energy
conservation equations become
ρ˙m + 3Hρm = Q (6)
ρ˙DE + 3H(1 + ωDE)ρDE = −Q (7)
where ωDE =
pDE
ρDE
is the equation of state parameter
of dark energy and the Q is the interaction term. If
Q = 0, then the matter evolve as, ρm ∝ a−3. Following
Ref. [48, 49], we have written the interaction as Q =
ρDEΓ, where Γ is an unknown function that measures
the rate at which the energy exchange occurs between the
dark sectors (DE and DM). The quantity of interest for
analyzing the coincidence problem is the ratio r = ρmρDE
(known as coincidence parameter) and its time derivative
can be written as [50]
r˙ = (1 + r)
[
Γ + 3HwDE
r
1 + r
]
(8)
It should be noted that for a spatially flat universe, the
coincidence parameter r remains constant, irrespective of
the value of ΓH , for a holographic dark energy with Hubble
horizon as the infrared cut-off. In this case, there will be
no transition from decelerated to accelerated expansion
[48]. However, if the ratio ΓH is allowed to grow, then
the transition may well occur, even though r remains
constant (for more details, see Refs. [48, 49]). For a
constant value of r (i.e., r˙ = 0), the interaction rate can
be obtained (using equation (8)) as
Γ = −3Hr
( ωDE
1 + r
)
(9)
The effective or total EoS parameter can be expressed as,
ωeff (z) =
peff
ρeff
=
ωDE
1 + r
(10)
where, ρeff = ρm+ρDE and peff = pDE are the effective
energy density and effective pressure of the dark compo-
nents (DM and DE) respectively.
3Now the interaction rate can be written (in terms of ωeff )
as
Γ = −3Hrωeff (11)
or
Γ
3H0
= −
(
H
H0
)
rωeff (12)
Clearly, we have freedom to choose one parameter as we
have more unknown parameters with lesser numbers of
equations (equations (3) and (4)) to solve them. In the
present work, we have considered a simple assumption
regarding the functional form for the evolution of ωeff (z)
which is given by
ωeff (z) = −1 + A
A+ B(1+z)n
(13)
where A, B and n are arbitrary constants. The system
of equations is closed now. It deserves mention here that
the effective EoS parameter ωeff (z) at high redshift (i.e.,
z →∞) becomes effectively zero for any values of A and
B. On the other hand, it behaves like a dark energy at
the present epoch, as ωeff (z = 0) = − BA+B and thus
depends on the values of A and B. Thus the functional
form of ωeff (z) can easily accommodate both the phases
of cosmic evolution (i.e., early matter dominated era and
late-time dark energy dominated era). One advantage
of this ansatz (as given in equation (13)) is that it is
independent of any prior assumption about the nature
of dark energy.
Using equations (3), (4), (10) and (13), the Hubble
parameter for this model can be expressed as
H(z) = H0
[
B +A(1 + z)n
A+B
] 3
2n
(14)
where H0 represents the present value of H(z). The
above equation can be re-written as
h(z) = [α+ (1− α)(1 + z)n] 32n (15)
where, h(z) = H(z)H0 and for simplicity, we have defined
α = BA+B , to be fixed by observations. It should be noted
that the standard ΛCDM model corresponds to the case
n = 3, with present cold dark matter density parameter
Ωm0 = (1 − α). Therefore, the model parameter n is a
good indicator of deviation of the present model from
the ΛCDM model.
Now, the interaction rate of HDE can be recon-
structed using the equations (12), (13) and (15). It
deserves mention here that for the reconstruction of
the interaction rate, we need to fix the value of r.
In this work, the value of r is taken according to
the recent measurement of the present DE density
parameter ΩDE0 from Planck observation [13] as for
a spatially flat universe r can be written as r = (1−ΩDE0)ΩDE0 .
The deceleration parameter q is defined as
q = − a¨
aH2
= −1 + (1 + z)
H(z)
dH(z)
dz
(16)
and for the present model, q evolves as a function of z as
q(z) = −1 + 3
2
(1− α)(1 + z)n[α+ (1− α)(1 + z)n]−1
(17)
Recently Sahni et al. [54, 55] have introduced a new ge-
ometrical diagnostic pair {r, s} for dark energy, termed
as “statefinder parameters”. These parameters can ef-
fectively differentiate between different models of dark
energy and provide the best fit to existing observational
data. These parameters are ( in terms of H(z) and its
derivatives ) [54, 55]
r(z) =
...
a
aH3
= 1− 2(1+ z)H
′
H
+
{H ′′
H
+
(H ′
H
)2}
(1+ z)2
(18)
s(z) =
r(z)− 1
3(q − 12 )
(19)
In a flat ΛCDM model, the statefinder pair {r, s} has
a fixed point value and it is equal to {1, 0}. Thus, any
deviation from {1, 0} would favor a dynamical dark
energy model. In this work, we have also studied the
evolution of the parameter pair {r, s} for the present
model. However, one can look into Refs. [56–58], where
the authors have comprehensively discussed about the
statefinder analysis for different dark energy models.
For a comprehensive analysis, in the present work,
we have also compared our HDE model with the other
versions of HDE (i.e., with other choices of IR cut-off
length) by considering i) Model 2 : L = RE , i.e., radius
of the event horizon and ii) Model 3 : L = (H˙+2H2)−
1
2 ,
i.e., Ricci length scale (for review, see [41, 42] and refer-
ences therein).
In the next section, we shall try to estimate the values
of α and n using SNIa, BAO and CMB datasets. With
the help of those values of α and n, the ratio Γ3H0 can be
reconstructed from the aforesaid datasets for each model
(Models 1, 2 and 3).
III. DATA ANALYSIS METHODS
In this section, we have explained the data analysis
method employed to constrain the theoretical model by
using the recent observational datasets from Type Ia Su-
pernova (SNIa), Baryon Acoustic Oscillations (BAO) and
Cosmic Microwave Background (CMB) radiation data
4surveying. We have used the χ2 minimum test with these
datasets and found the best fit values of arbitrary pa-
rameters α and n at the 1σ and 2σ confidence levels (as
discussed in section IV). In the following subsections, the
χ2 analysis used for those datasets is described.
A. SNIa
The supernova distance modulus dataset of joint light
curve analysis (JLA) has been utilized in the present
work [59]. The binned dataset of JLA has been used
along with the full covariance matrix. The technical de-
tails of binning the data has been discussed comprehen-
sively in reference [59]. The relevant χ2 is defined as [60]
χ2SNIa = X(p)−
Y 2(p)
Z
− 2ln10
5Z
Y (p)−Q′ (20)
where
X(p) =
∑
i,j
(µth − µobs)i(Cov)−1ij (µth − µobs)j , (21)
Y (p) =
∑
i
(µth − µobs)i
∑
j
(Cov)−1ij , (22)
Z =
∑
i,j
(Cov)−1ij (23)
Here, “Cov” is the covariance matrix of the binned data
sample, Q′ is a constant that does not depend on the
model parameter p and hence has been ignored. Also,
µobs represents the observed distance modulus, while µth
is for the theoretical one, which is defined as
µth = 5log10
[dL(z)
1Mpc
]
+ 25 (24)
where,
dL(z) =
(1 + z)
H0
∫ z
0
dz′
h(z′)
(25)
B. BAO/CMB
In this section, we have briefly discussed the combined
BAO/CMB dataset. We start by defining the comoving
sound horizon at the photon-decoupling epoch
rs(z∗) =
c√
3
∫ 1
(1+z∗)
0
da
a2H(a)
√
1 +
(
3Ωb0
4Ωγ0
)
a
(26)
where Ωb0 and Ωγ0 are, respectively, the present value of
the baryon and photon density parameter and z∗ is the
redshift of photon decoupling. To obtain the BAO/CMB
constraints another relevant quantity is the redshift of the
drag epoch (zd), when the photon pressure is no longer
able to avoid gravitational instability of the baryons.
The Planck 2015 [5] values for these two redshifts are
z∗ = 1090.00 ± 0.29 and zd = 1059.62 ± 0.31. We
have also used the “acoustic scale” lA = pi
dA(z∗)
rs(z∗)
, and
the “dilation scale”, DV (z) =
[
d2A(z)cz
H(z)
]1/3
, introduced
in Ref. [12]. Here, dA(z∗) = c
∫ z∗
0
dz′
H(z′) is the comov-
ing angular-diameter distance. In this work, for BAO
dataset, we have used the results from Padmanabhan
et al. [61], which reported a measurement of rsDV at
z = 0.35, ( rs(zd)DV (0.35) = 0.1126 ± 0.0022), Anderson et
al. [62], ( rs(zd)DV (0.57) = 0.0732 ± 0.0012), Beutler et al.
[63], ( rs(zd)DV (0.106) = 0.336 ± 0.015) and Blake et al. [64],
which obtained results at z = 0.44, z = 0.6 and z = 0.73
( rs(zd)DV (0.44) = 0.0916 ± 0.0071,
rs(zd)
DV (0.6)
= 0.0726 ± 0.0034
and rs(zd)DV (0.73) = 0.0592 ± 0.0032). In addition to this,
we have combined theses results with the CMB measure-
ment derived from the Planck 2015 [5] observational val-
ues lA =
pi
θ∗
= 301.77± 0.09, rs(zd) = 147.41± 0.30 and
rs(z∗) = 144.71±0.31, for the combined analysis TT, TE,
EE+lowP+lensing. However, the details of the method-
ology for obtaining the constraints on model parameters
using the the BAO/CMB dataset can be found in Ref.
[65].
The χ2 function for this dataset is defined as
χ2BAO/CMB = X
T
C
−1
X, (27)
where
X =


dA(z∗)
DV (0.106)
− 30.84
dA(z∗)
DV (0.35)
− 10.33
dA(z∗)
DV (0.57)
− 6.72
dA(z∗)
DV (0.44)
− 8.41
dA(z∗)
DV (0.6)
− 6.66
dA(z∗)
DV (0.73)
− 5.43


(28)
and the inverse covariance matrix (C−1) can be found
in Ref. [65].
Now, one can use the maximum likelihood method and
take the total likelihood function as
L = e−χ
2
2 (29)
where, χ2 = χ2SNIa + χ
2
BAO/CMB. For the
SNIa+BAO/CMB dataset, one can obtain the best-fit
values of parameters by minimizing χ2. The best-fit pa-
rameter values p∗ are those that maximize the likelihood
function. Consequently, the 1σ and 2σ confidence level
5contours correspond to the sets of parameters (centered
on p∗) bounded by χ2(p∗)+2.3 and χ2(p∗)+6.17 respec-
tively. In this work, we have minimized the χ2 function
(say, χ2min) with respect to the model parameters {α, n}
to estimate their best fit values.
IV. RESULTS
In this section, we have obtained the constraints on the
model parameters (α and n) for the combined dataset
(SNIa+BAO/CMB) and have discussed the results ob-
tained from the statistical analysis. The corresponding
1σ and 2σ confidence level contours in α − n plane is
shown in figure 1 for this dataset. The best-fit values for
the model parameters are obtained as, α = 0.74+0.01
−0.02 (1σ)
and n = 3.27+0.20
−0.19 (1σ) with χ
2
min = 32.78. Also, the
1Σ
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FIG. 1: Plot of 1σ (light gray) and 2σ (gray) confidence con-
tours on α−n parameter space. In this plot, black dot repre-
sents the best-fit values of α and n arising from the analysis
of SNIa+BAO/CMB dataset.
marginalized likelihoods for the present model is shown
in figure 2. It is clear from figure 2 that the likelihood
functions are well fitted to a Gaussian distribution func-
tion for the combined dataset.
Figure 3 shows the nature of constraint on the inter-
action rate Γ3H0 for Models 1, 2 and 3, obtained in the
analysis of SNIa+BAO/CMB dataset. It is evident from
figure 3 that the interaction rate increases at recent time,
but it was significantly low at earlier time. For Model 1,
the present value of Γ3H0 is found to be 0.339
+0.006
−0.006 at the
2σ confidence level and also the interaction rate remains
positive throughout the evolution. Consequently, the in-
teraction term Q is also positive through the evolution
(as Q = ρDEΓ) and thus the energy transfers from DE to
DM which is well consistent with the second law of ther-
modynamics and the Le Chatelier-Braun principle [66].
It should be noted that similar results have also been
obtained by Sen and Pavon [50], where the interaction
rate of HDE has been reconstructed from a parametriza-
tion of DE equation of state parameter. However, in the
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FIG. 2: The marginalized likelihood functions of the present
model are shown for SNIa+BAO/CMB dataset.
present work, we have obtained more tighter constraints
as compared to the previous findings. On the other hand,
we have also found from figure 3 that the Model 2 and
Model 3 are not always consistent with the second law
of thermodynamics and the Le Chatelier-Braun principle
(as Γ3H0 is not positive throughout the evolution), which
is in contrast to the result obtained in Model 1.
For a completeness, we have also reconstructed the evo-
lutions of q(z) and ωDE(z) for the present model. In
figure 4, the evolution of q(z) is shown within 1σ and
2σ confidence regions around the best fit curve for the
SNIa+BAO/CMB dataset. It is evident from figure 4
that q(z) shows a smooth transition from a decelerated
(q > 0) to an accelerated (q < 0) phase of expansion
of the universe at the transition redshift zt = 0.7
+0.02
−0.02
(within 1σ errors) and zt = 0.7
+0.05
−0.05 (within 2σ errors)
for the best-fit model. This results are found to be consis-
tent with the results obtained independently by several
authors (see [67–69] and references there in), which states
that the universe at redshift in between zt ∼ 0.5 − 1
underwent a phase transition from decelerating to ac-
celerating expansion. Furthermore, we have also recon-
structed the EoS parameter ωDE(z) for the dark energy
in figure 5. We have found that for the best-fit model,
the present value of ωDE(z) comes out to be −1.07+0.01−0.01
(with 1σ errors) and −1.07+0.02
−0.02 (with 2σ errors) and
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FIG. 3: The plot of Γ
3H0
vs. z is shown for Model 1 (upper
panel), Model 2 (middle panel) and Model 3 (lower panel) by
considering the SNIa+BAO/CMB dataset. The dashed and
dotted curves represent the 1σ and 2σ confidence contours
respectively, while the central thick line represents the best-
fit curve.
thus shows a phantom nature (ωDE(z = 0) < −1) at
the present epoch. This result is also in good agree-
ment with the recent observational constraints on ωDE
(−1.1 ≤ ωDE ≤ −0.9) obtained by Wood-Vasey et al.
[70] and Davis et al. [71]. It should be noted that the
best-fit value of ωDE do not deviate very much from that
of the Planck 2015 analysis, which puts the limit on the
parameter as, ωDE = −1.006 ± 0.045 [5]. It has also
been found from figure 5 that ωDE(z) tends to zero at
high redshift and it behaves like dust matter in the past.
This result allows a matter dominated epoch in the re-
cent past. As mentioned earlier that the parameter n is
a good indicator of deviation of the present model from
the standard ΛCDM model as for n = 3 the model mim-
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FIG. 4: The evolution of q(z) is shown within 1σ (dashed
curve) and 2σ (dotted curve) confidence regions around the
best fit curve (central thin curve) for the present model. This
is for SNIa+BAO/CMB dataset.
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FIG. 5: The evolution of ωDE(z) is shown within 1σ (dashed
curve) and 2σ (dotted curve) confidence regions around the
best fit curve (central thin curve) for the present model.
ics the ΛCDM. It is always good to have a ΛCDM value
(ωΛ = −1) for a model to be consistent with observa-
tions, but as the true nature of dark energy is still un-
known, this slight deviations from the ΛCDM value also
need attention. Furthermore, the best fit evolution of
the statefinder pair {r, s} as a function of z is shown
in figure 6, which indicates the departure of {r, s} from
the standard ΛCDM model (for which r = 1 and s = 0).
However, it is seen that our model (r = 1.078, s = −0.02)
does not deviate very far from the ΛCDM model at the
present epoch.
V. CONCLUSIONS
As mentioned earlier, this work is the reconstruction
of the interaction rate of holographic dark energy (HDE)
whose infrared cut-off scale is set by the Hubble length.
The HDE model, discussed in this paper, is based on
the parameterization of the total equation of state
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FIG. 6: The upper panel shows the evolution of the statefinder
r for the best fit model, where as the lower panel shows the
evolution of the statefinder s.
parameter. We have reconstructed the interaction rate
Γ (in terms of 3H0) by combining the observations from
SNIa, BAO and CMB. As discussed earlier, we have also
compared our model with two other HDE models to
draw a direct comparison between them. It is clear from
figure 3 that the interaction rate increases at recent time
from a small value in the long past. It has also been
found that for the Model 1, the interaction rate (and
hence Q) remains positive throughout the evolution.
This suggests that the energy transfers from DE to
DM, which is well consistent with the second law of
thermodynamics and the Le Chatelier-Braun principle
[66].
We have shown that the deceleration parameter under-
goes a smooth transition from a positive value to some
negative value which indicates that the universe was un-
dergoing an early deceleration followed by late time ac-
celeration. This is essential for the structure formation of
the universe. In addition, the best-fit value of the transi-
tion redshift (zt = 0.7
+0.05
−0.05, at 2σ level) obtained in this
work is found to be consistent with the results obtained
independently by several authors [67–69]. Furthermore,
it has also been found that for the best-fit model, the
evolution of ωDE shows a little phantom nature at the
present epoch, which is well consistent with the Planck
2015 data [5]. Therefore, this particular HDE model
(with Q > 0 and ωDE(z = 0) ≈ −1) can be considered
as an alternative for the standard ΛCDM model.
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